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Introduction

Inductive definitions of sets are often informally presented by giving
some rules for generating elements of the set and then adding that an
object is to be in the set only if it has been generated according to the rules.
An equivalent formulation is to characterise the set as the smallest set
closed under the rules.

Of course the basic example of an inductive definition is the one
generating the natural numbers. But it has long proved a useful device
when presenting the syntax of a formal language. Further examples of its
informal use may be found in logic and other branches of mathematics.
PosT [1943] realised that the finitary inductive definitions used in present-
ing the syntax of any standard formal system could all be put in a canonical
form, and the general class of such inductions could be fruitfully studied in
abstraction from any specific formal system. Since then inductive defini-
tions have played an important role in the development of ordinary
recursion theory and its generalisations. Recent work has tended to present
the theory of inductive definitions in abstraction from the original motivat-
ing intuitions. Our aim here is to give an introduction to the subject which
will connect the informal examples with the recent formulation in terms of
iterations of monotone operators. We have in mind a reader familiar with
the concept of a formal system and with the elements of ordinary recursion
theory.

Most of our exposition will be concerned with monotone induction and
its role in extensions of recursion theory. But in 3.5 we review some of the
work on non-monotone induction, and outline there the separate motiva-
tion that has led to its development. In Section 4 we briefly consider
inductive definitions in a more general context. For a detailed development
of the theory of positive induction see MoscHovakis [1974a). Several
papers on inductive definability may be found in FeEnstap and HinmAN
[1974]. These include a survey, GANDY [1974] and the papers AANDERAA
[1974], Cenzer [1974], and RicHTER and AczeL [1974). MoscHoOvAKIs
[1976] gives an abstract algebraic approach to the general theory that
applies to both monotone and non-monotone induction and also to
recursion in higher types.
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1. What are inductive definitions?

1.1. Inductive definitions as generalized formal systems

Inductive definitions are used repeatedly when logicians describe the
syntax of their languages. For example the terms of a first order language
are defined to be the smallest set of expressions containing the variables
and constants and closed under the term formation rule:

If t,,...,t, are terms and f is an n-ary function symbol of the language
then the expression f(t,,...,t.) is a term.

Similarily the formulae of a first order language are defined to be the
smallest set of expressions containing the atomic formulae that are closed
under the various formulae formation rules for the logical symbols —, v,
A, —, 3x, Vx.

For our purpose, the most useful example to consider will be the
definition of the class of theorems of a formal system. Consider the
Hilbert-style system H for first order logic used in Chapter A.1. The set
Th(H) of theorems of H is there defined in terms of a notion of “‘proof” for
H. But Th(H) may also be characterized as the smallest set of formulae,
containing the axioms, that is closed under the rules of inference. Each
instance of a rule of inference has the form:

(*) From the premisses 6 for § € X, infer the conclusion .

In case of modus ponens X consists of two premisses ¢ and (¢ — ).
Instances of the generalization rule only have one premiss. It is convenient
to consider an axiom scheme as a special form of rule of inference where in
each instance the set of premisses is empty. Using this convention the
formal system H determines a set @y of pairs (X, ¢) such that (*) is an
instance of a rule of inference of H. Then Th(H) is simply the smallest set
closed under (*) for (X, ¢) € ®u.
Generalizing we obtain the following definitions.

1.1.1. DeFINITION. (i) A rule is a pair (X, x) where X is a set, called the set
of premisses and x is the conclusion. The rule will usually be written X — x.

(ii) If @ is a set of rules (also called a rule set below), then a set A is
@-closed if each rule in @ whose premisses are in A also has its conclusion
in A. We shall write @ : X — x to denote that the rule X — x isin @. So A
is @-closed if ®: X >x & X C A implies x € A.

(iii) If @ is a rule set, then I(@), the set inductively defined by &, is given
by I(®@)=Y{A | A is ®-closed}.
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Note. P-closed sets exist; e.g. the set of conclusions of rules in &. Also, the
intersection of any collection of ®-closed sets is ®-closed. In particular
I(®P) is ®-closed and hence I(P) is the smallest @-closed set.

Returning to our example we see that Th(H) = I(®y). Similarly, rule sets
can easily be found for inductively defining the sets of terms and formulae
of a first order language.

Note. What is usually called a rule of inference or formation rule corre-
sponds to what we have called a rule set. It is the instances of rules of
inference or formation rules that correspond to what we have called a rule.

Perhaps the most familiar example of an inductive definition in
mathematics is the one that characterizes the set of natural numbers
o =1{0,1,2,...} as the smallest set containing 0 and closed under the
successor function, i.e., w = I(®,) where @, consists of the rule § — 0 and
the rules {n}— n + 1 for n € w. This characterization justifies the principle
of mathematical induction: 1f P is a property that holds of 0 and holds of
n + 1 whenever it holds of n, then ? holds for all natural numbers, i.e.
{n € w|P(n)} is @,-closed implies @ C{n € w | P(n)}.

Generalizing, we see that to each rule set @ there is a principle of
@-induction: If P is a property, such that whenever & : X — x and
Vy € XP(y) then P(x), then P(a) holds for every a € I(P).

The above principle is the natural tool to use in proving properties
of I(®P).

1.1.2. ExampLE. To show that every theorem of H is universally valid in
every structure, it suffices to show that for each structure I
{e(vr,...,0) | MEVDL, - Vo.@(vi - v.)} is Pu-closed.

So far all our inductive definitions have been finitary, in the sense that
each rule has only finitely many premisses. For such ¢ we can generalize
the standard notion of “‘proof” for formal systems such as H.

1.1.3. DEFINITION. do,...,d. is a (finite length) ®-proof of b if

(i) a. = b,

(ii) for all m = n there is an Xg{ai|i<m} such that ¢ : X — a,..
1.1.4. ProposiTION. For finitary @,

I(®)={b | b has a ®-proof}.
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To show that every b € I(@) has a @-proof it suffices to show that the
right hand side is @®-closed and use @-induction. For the converse
direction if ao, ..., a. is a @-proof it suffices to show by inductionon m < n
that a,, € I(®).

1.2. The well-founded part of a relation

Let < be a binary relation on a set A. The well-founded part of < is the
set W(<) of a € A such that there is no infinite descending sequence
a>ao>a,>---. The relation < is a well-founded relation if A =
W(<). W(<) can be inductively defined as follows. Let ¢ be the set of
rules (< a)—a for a € A, where (<a)={xEA lx < a}l.

1.2.1. ProrosiTiON. W(<)= I(D.).

Proor. To show that I(@.)C W(<) it suffices to show that W( <) is
@_.-closed and use P.-induction. So assume (<a)C W(<). Now if
a>ay>a; >, then a€(<a)CW(<) But as ao>a >---,
ao € W( <) which gives a contradiction. Hence a, € W(<).

Conversely, to show W(<)C I(®.) let a & I(P.). We shall find a >
ao > a, > - - - showing that a € W(<). As a & I(d.), then (< a)Z I(PD-).
Hence there is an ao, < a such that a, &€ I(P.). Repeating we can find
a, < ao such that a, & I(®<). Repeating indefinitely we obtain a > a,>
a; S e, D

Note that a form of the axiom of choice is needed (the axiom of
dependent choices).

The principle of @_.-induction, becomes, when < is well-founded, the
principle of transfinite induction along a well-founded relation. Associated
with transfinite induction is the method of definition by transfinite recur-
sion. This enables one to define a unique function f on W( <) so that for
a € W(<), f(a) is defined in terms of f(x) for x < a. The uniqueness and
existence of such f can be justified by suitable instances of transfinite
induction. As an example we may assign to each a € W( <) an ordinal
la|< so that

la|-=Sup{|x|<+1|x <a}
The ordinal | < | of the well-founded part of < is defined as

|<|=Sup{|al<+l’aEW(<)}.
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An inductive definition can often be rephrased in the form &. for a
suitable <.

1.2.2. DeriNtTioN. The rule set @ is deterministic if
D: X, —>x& P:X,—>x implies X,=X..

1.2.3. ExaMmpLE. @ is always deterministic. So is @.. Also the rule sets
defining the terms and formulae of first order logic are.
Note that @y is not deterministic.

Now let @ be deterministic and let A be the set of conclusions of rules in
@ . Forx,y €EAletx <yif @:X —y forsome set X such that x € X and
X C A. Then &. is the set of rules X — x in @& such that X C A. Hence
we get

1.2.4. ProrosiTiON. For deterministic &,
(@)= 1(d.).

For deterministic &, functions on I(®) can be defined by recursion on
the way objects in I(®) are generated, as in transfinite recursion. An
example of this from syntax is the operation of substitution. Given an
individual variable v and a term ¢, the function assigning to each formula
¢ (v) the formula ¢ (¢) obtained by substituting ¢ for all free occurrences of
v in @(v) is naturally defined by a recursion on the way a formula ¢ (v) is
generated.

1.3. Inductive definitions as operators

Let ¢ : Pow(A)— Pow(A) where Pow(A ) denotes the set of all subsets
of A. The operator ¢ is monotone if X C' Y C A implies ¢(X)C ¢(Y).
Given ¢ let @, be the set of rules X — x such that X C A and x € ¢(X).
For monotone ¢, X C A is @,-closed just in case ¢(X)C X. So I(®,) =
N{xca ](p(X)C_:X}. Hence it is natural to extend the terminology
concerning inductive definitions to monotone operators ¢ and we write
I(p)for N{xC A ] ¢(X) C X} and call it the set inductively defined by ¢.
All inductive definitions can be obtained using monotone operators. For if
@ isaruleseton A (i.e. X U{x}C A whenever @ : X — x) we may define
a monotone operator ¢ : Pow(A)— Pow(A) by

;p(Y)={x€A|d>:X—>x for some X C Y} for Y C A.
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Then Y C A is P-closed just in case ¢ (Y)C Y so that I(®)= I(¢).

For monotone operators ¢ there is a useful alternative characterization
of I(¢) using transfinite iterations ¢* of ¢ for ordinals A. Define ¢* C A
by transfinite recursion on the ordinal A so that

= U <P“U<P(U <P“>-
<A n<A

Also define ¢~ = U, ¢* where A ranges over all ordinals.

If we write ¢=* for U, ., ¢*, then

e =" Ug(e™).

A

The sets ¢ “* may be directly defined by the transfinite recursion

et = U e(e™),

<A
or alternatively by

¢==0, ¢ '=9¢ " Up(e™),

e* = U ¢ for limit A.

<A+1

We may then define ¢* = ¢

Note. The literature often uses the notation ¢* for what we have called
¢<*. We have adopted the notation initiated in MoscHovakis [1974a].

Because X C I(¢) implies ¢ (X)C I(¢), a transfinite induction shows
that ¢* C I(¢) for all ordinals A. Hence if we let ¢~=J,¢* then
¢"CI(p).

As p <A implies ¢“* C9~* C A, and A is a set there must be an
ordinal A such that ¢ @~ It follows that ¢* = ¢* = ¢=* for all
A=A so that o= ¢~* Hence ¢(¢°)=(¢“*)C ¢* = ¢~. Hence by
¢-induction I(¢)C ¢~. Also for monotone ¢, u < A implies ¢(¢~*)C
@(@=*)sothat ¢=* = U, _,0(¢=*)C ¢(¢~*) and hence ¢* = ¢(¢=*). It
follows that ¢~ = @ (¢ ™), ¢~ is a fixed point of ¢ (in fact the least one). Thus
we have proved:

<A+1 _

1.3.1. PROPOSITION. lFor monotone ¢ : Pow(A)— Pow(A),

(i) I(¢)=¢", and
(ii) I(@) is the least fixed point of ¢.
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The definition of ¢~ above does not require the operator ¢ to be
monotone. Hence it is natural to extend the notion of an inductive
definition to non-monotone operators by calling ¢~ the set inductively
defined by ¢ for any operator ¢ : Pow(A)-— Pow(A). It has turned out,
perhaps rather suprisingly, that the theory of non-monotone inductive
definitions is as rich and interesting as the theory for monotone operators,
even though naturally occurring examples of non-monotone induction are
harder to come by. Perhaps their main motivation can be seen in terms of
systems of notations for ordinals. Associated with any operator
¢ :Pow(A)— Pow(A) is a function | |, mapping ¢~ into an initial
segment of ordinals, given by

|a], =least A such that a € ¢* for a € ¢~.

Let |¢|=Sup{|al, +1|a € ¢~}. Then ¢~ is a set of notations for the
ordinals < |¢| via the mapping | |, : ¢~ —|¢|. (Note that we follow the
standard convention of identifying an ordinal with its set of predecessors.)
The ordinal may also be characterized as the least ordinal A such that

<lel
® .

¢ =¢~* Hence "= ¢"'=
1.3.2. ExamrLE. Let < be a binary relation on the set A and let ¢ be the
monotone operator corresponding to the rule set @., so that W(<)=
I(¢)= ¢~ Then it is easily seen that ¢* ={a € W(<)||a|, = A}, so that
lal, =|al< fora € W(<)and |[¢|=]|<|.

An interesting general problem connected with an operator
¢ :Pow(A)— Pow(A) is to characterize or estimate the ordinal |¢|. As
| |o:9~—]¢]|isasurjection and ¢~ C A the cardinality of | ¢ | must be =
the cardinality of A.

For monotone operators a better bound can often be found. If x is a
cardinal let us say that ¢ is x-based if:

x € ¢(X) implies x € ¢(Y) forsome Y C X of cardinality < «.

1.3.3. ExampLE. If @ is a finitary rule set on A, then the monotone
operator ¢ corresponding to it is w-based. In general if every set of
premisses of a rule in @ has cardinality < «, then ¢ is x-based.

1.3.4. ProroSITION. Let ¢ be a k-based monotone operator where « is
regular. Then |¢| =k, so that I(¢)= ¢".
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Proor. It suffices to show that ¢ C ¢~ . So let x € ¢~ = @(¢~"). Then
x € ¢(X) for some X C ¢~ of cardinality < . By the regularity of «,
X Ce ™" forsome A <«k,sothat x E@(e™")=¢" C e~ asrequired. [J

1.3.5. ExamrLE. If @ is a finitary rule set with corresponding monotone
operator ¢, then | |<w and I(¢)=¢~* = U,.,¢~" where ¢=*=@ and

<n+1

¢ =¢@(p™") for n < w.

1.4. Concepts of ‘‘proof’’ for monotone induction
In 1.1.3 we formulated a notion of finite length proof appropriate for
finitary rule sets. We now consider a more general notion.

1.4.1. DeriniTiON. Let ¢ be a monotone operator on A. A transfinite
sequence {a,}.«. is a @-proof of b with length A if

(i) a, = b

(ii) a. € o({a, | n < v}) for all v =< A.

As in Proposition 1.1.4 we get:

1.4.2. ProposITION. (i) For any regular cardinal x, ¢~ ={a € A | a has a
@-proof of length < «}.
(ii) I(¢)={a€ A ]a has a ¢-proof}.

It is sometimes convenient to use an alternative notion of proof that uses
well-founded trees instead of transfinite sequences. An example is the
notion of derivation for the Gentzen style system G of Chapter A.1. There
the appropriate rule set is finitary so that the well-founded trees are
actually finite.

1.4.3. DEeFINITION. A (well-founded) tree T is a set of finite sequences of
length >0 such that

(i) There is exactly one sequence of length one in T. It is called the root
(ar) of the tree.

(ii) If (ai,...,a.+1)E T, then (a,,...,a,)ET.

(iii) T is well-founded in the sense that there is no infinite sequence
ai, a, ...such that (a,,..., a,) € T for all n > 0. Alternatively, the relation
< is well-founded, where

(ai,...,a.)<r(by,....,b) iff n=m+1

and @, = b fori=1---m.
Define the length |T| of T to be |(ar)|<-
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1.4.4. DerFiNITION. If @ is a rule set, a tree T is a @-proof of a if a = ar
and @ : T,  .,— a. whenever (a,,...,a.)€ T, where

T..an=1a|(ay...,ana)E T}.
1.4.5. ProrosiTiON. (i) I(®)={a J a has a tree ®-proof}.

(1) If & is a rule set on A with corresponding monotone operator
¢ : Pow(A)— Pow(A), then for all ordinals A,

¢* ={a € A | a has a tree P-proof of length < A}.

Proor. (i) follows easily from (ii). (ii) will be proved by induction on A. Let
X* denote the right-hand side of (ii) and let X=* = U, ., X*. By induction
hypothesis ¢ “* = X%

Let a € X* Then a has a ®@-proof T with | T|= A. Foreach x € T, let

n=0& (a,x,x,...,x.)E T}

T ={(x, X1, .., Xa)

Then T~ is a ®@-proof of x with |T*| < A. Hence T, C X~ = ¢~ As
@ : T — a it follows that a € (¢ =) = ¢*.

Conversely, let a € ¢*. Then a € ¢(X~*). Foreach x € X** let T* be a
&-proof of x with | T*| < A. Let

T={a)}U{(a,x.x1,....x.)(n=0&xEX & (x,x1,...,%.)E T*}.
Then T is a @-proof of a with |T|< A, so that a € X*. [

1.5. Monotone induction and games

For those familiar with the elementary concepts associated with games
we give a game-theoretic characterization of I(®) for an arbitrary rule
set .

For each a we define a game G (P, a) between two players I and I who
move alternatively when possible. The play starts by II choosing a, = a. If
after n pairs of moves player II chooses a. then player 1 must respond by
choosing a set X, such that @ : X, — a, and then II must respond by
choosing a.., € X,. If either player cannot move then he loses. If the game
continues indefinitely, then player I loses.

1.5.1. ProrosiTioN. a € I(®P) iff player 1 has a winning strategy in the game
G(9P,a).

ProoF. Let W be the set of those a such that the right-hand side holds. Let
@ : X — g with X C W. For each x € X let o, be a winning strategy for I
in G(@, x). Define the following strategy o for I in G(®, a). I starts by
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playing X and then if II chooses x € X then I continues by using the
strategy o,. o is clearly a winning strategy. Hence a € W. Thus W is
@-closed so that by @-induction I(P)C W.

For the converse let a € W. Let o be a winning strategy for I in G(®, a).
Let T be the set of possible finite sequences of moves of I when I follows
o. Then observe that T is a tree @-proof of a so that by Proposition 1.4.5,
a € I(P). Thus WC I(P). O

1.6. Kernels — the dual of an inductive definition

Sometimes inductive definitions present themselves more naturally in a
dual form.

If @ is a rule set let us say that a set X is @-dense if for every x € X
there is a set Y C X such that ¢ :Y — x. Define the kernel K(®)=
U{X | X is ®-dense}. K(®) itself is ®-dense and is the largest ®-dense
set. If @ is a rule set on A and ¢ : Pow(A)— Pow(A) is the monotone
operator associated with @ then X C A is @-dense iff X C ¢ (X). Hence
K(@)=U{X CA|XCoe(X)andweshalldefine K(¢)=U{XCA|XC
¢(X)} for any monotone ¢. To make explicit the duality between the
kernel construction and induction define the dual of an operator ¢ to be
the operator ¢ given by ¢(X)="¢(—X) where " X=A—-X for
X CA. Then XCA is ¢-dense iff 7 X is ¢-closed, so that K(¢)=
—I(¢). It follows that K(¢) can be defined in terms of transfinite
iterations ¢*'=—1¢* as K(p)= 1), o™ where ¢™*'= o(M, ., p™).

An example of the above is the Cantor-Bendixson construction in
general topology. Let E be a subset of a topological space. Let @ be the set
of rules X — x such that XCE and x € E is a Iimit point of X. The
corresponding monotone operator ¢ : Pow(E)— Pow(E) is the closure
operation on E. A set X C E is closed in E just in case X is @-closed and
is dense in itself just in case it is @-dense. Thus K(¢) is the largest dense in
itself subset of E, called the kernel K of E. When E is a closed subset of a
space with a countable basis then E = K US where K is perfect and
S ==K = I(¢) is a countable set, so that the closure ordinal | ¢ | must be
countable. This is the Cantor-Bendixson representation of a closed subset
of a space with a countable basis.

Another example of the kernel construction comes from the theory of
abelian p-groups. These are abelian groups where every element has finite
order p" for some n, where p is a fixed prime. Let G be an abelian
p-group. Define ¢ : Pow(G)— Pow(G) by

p

—N—
e(X)=pX={g+---+g|gE X} for XCG.
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Then ¢ is a monotone operator mapping subgroups of G to subgroups of
G. The ¢-dense subgroups of G are just those that are said to be divisible,
so that K(¢) is the largest divisible subgroup of G. Much of the structure
theory of abelian p-groups is concerned with the descending hierarchy of
subgroups {¢™'}..

1.7. Some examples of induction in classical mathematics

(1) If X is a subset of a group G then there is a smallest subgroup H of
G that contains X. H is inductively defined by the set of rules @— x for
x € X U{e} and {a, b} — ab™' for a, b € G. The same notion is used with
other algebraic structures such as rings, fields and vector spaces. A slightly
different sort of example is the algebraic closure of a subfield of an
algebraically closed field. All these examples involve finitary rule sets.

(2) If R is a binary relation on a set A, then the transitive closure of R is
the smallest transitive relation extending R. It is inductively defined by the
set of rules @—(a, b) if aRb and {(a, b),(b,c)}—(a,c) for a, b, c € A.
Similarily the equivalence relation generated by R is inductively defined by
the above rules together with the rules @—(a,a) for a € A and
{(a, b)}— (b, a) for a, b € A.

(3) For an example of a non-finitary inductive definition we turn to
o-rings and Borel sets. Recall that a set € C Pow(A ) is o-ring if it is closed
under complements and unions of countable subsets; i.e., combining these
into one € is a o-ring if € is ®-closed where @ consists of the rules
{A,|n€w}—>U,..— A, for countable families {A,}.c., with A, C A.
Hence the o-ring generated by €, C Pow(A) is inductively defined by the
rule set @’ consisting of the rules in @ together with the rules #— X for
X € %.. As an example the Borel sets of reals are the special case where
A =R and 4, is the set of open subsets of R. If ¢ : Pow(A)— Pow(A) is
the monotone operator associated with @’ then ¢ is N;-based so that by
Proposition 1.3.4, |¢ | = N,. The stages ¢* for A <N, are just the familiar
stages of the Borel hierarchy. ¢° is the set of open sets and for A >0, the
sets in ¢* are those of the form U,.,— A, where each A, € ¢=*

2. Induction in recursion theory

2.1. Recursively enumerable relations
There are two key results relating the recursively enumerable (r.e.)
relations to the finitely presented formal systems such as formal arithmetic:
(I) The theorems of a finitely presented formal system form an r.e. set,
when Goddel numbered.
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(II) Every r.e. relation can be represented in any sufficiently rich formal
system.

These results are important in Godel’s incompleteness theorem. The
general notion of representability will be considered in the next section.
Here we wish to give a result concerning inductive definitions that yields I.

As we have seen, a formal system will determine a rule set that
inductively defines the set of theorems. When expressions are Godel
numbered, a rule set on w is induced that inductively defines the set of
Godel numbers of theorems. If the formal system is finitely presented the
rule set will be a recursive finitary one as defined below.

2.1.1. DerINITION. Let @ be a finitary rule set on w. @ is recursive (r.e.) if
the relation R, is recursive (r.e.) where Rs is the set of pairs
(a,,...,a.), b) such that & :{a,,...,a.}—b.

Here ( ):U,c.@"— o is a standard constructive injective coding
function for finite sequences of natural numbers. Associated with it are
recursive functions lh:w —>® and ¢g:w X w = w and they satisfy the
following:

(i) The range Seq of ( ) is recursive.

(ii) For each n >0 the function ( )] " : " — w is recursive.

(iii) 1h((x,,...,x.))=n for n =0.

@iv) g({x1,....x.),i)=x; forl=i=n

2.1.2. ProrosiTiON. If @ is an r.e. finitary rule set on w, then I(®P) is r.e.

ProoF. As @ is finitary, by Proposition 1.1.4,
I(®)={a € w |3y Pra(a,y))

where Pro(a,b) iff b ={a,...,a.) for some @P-proof a,,...,a. of b.
Hence to prove the proposition it suffices to show that Pro is r.e. But this is
just a matter of coding:

Pro(a, b) < Seq(b) & q(b,1h(b)) = a
& Vi <Ih(b)3z [Ro(z,q(b,i+1))
& Vi<lh(z)3k <i(q(zi+1)=q(x k+1))

By hypothesis, using standard closure properties of the r.e. relations we see
that the right-hand side is r.e. O
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2.2. I1; relations

When infinitary rules of inference are allowed in a formal system then
more general notions of induction are required, e.g. in GRZEGORCZYK,
Mostowski and RyrLL-NarRpzEwski [1958] the w-rule is added to an
otherwise finitely presented formal system for second order arithmetic.
The w-rule allows one to infer Vx ¢ (x) from an infinite set of premisses
¢(0),¢(1),.... When Godel numbered, such a formal system induces a
regular arithmetical rule set @ on w.

2.2.1. DEFINITION. A rule set @ on w is regular arithmetical if there are
arithmetical relations R and S such that & is the set of rules R, — b such
that S(a, b) where R, ={y E w ’ R(a, y)}.

2.2.2. ProposiTioN. (i) If @ is a regular arithmetical rule set on w, then the
associated monotone operator ¢ : Pow(w)— Pow(w) is II} (ie, {(X,x)E
Pow(w) X w | x € (X)} is I1}).

(ii) For any monotone 11| ¢ the set I(¢) is also T1}.

Proor. (i) Let @ be the set of rules R, — b such that S$(a, b) where R, §
are arithmetical. Then the associated monotone operator ¢ is given by
¢(X)={b€ w|3a[S(a, b) & R, C X]} for X C A. ¢ is arithmetical and
hence I1;.

(i) I(¢)={a €E w]|¥X[Vx[x € ¢(X)—> x € X]—>a € X]} so that if ¢
is I1} standard quantifier manipulations show that I(¢) is also II;. O

Hence when considering systems with the w-rule the above proposition
suggests that the class of r.e. relations in I and II of 2.1. should be replaced
by the class of II} relations.

Below we give two further examples of regular arithmetical rule sets.

The first example occurs in the definition of Kleene’s system of notations
for the recursive ordinals. This may be given as follows. Let < be the
smallest transitive relation on w such that

(1) a <2° for a € o,

(ii) {e}(n)<3-5° for e,n € w such that {e}(n) is defined. (Here {e} is
the e-th partial recursive function in a standard enumeration.) Then < is
easily seen to be an r.e. relation. Now let @ be the set of rules §—1,
{a}—2° for a € w, and {{e}(n)] n<w}—3-5 for e € w such that {e}(n)
is defined and {e}(n)<{e}(n + 1) for all n € w. Then let 0 = I(P). Let
a<,biff a, b€EO& a <b. As @ is regular arithmetical, 0 and hence <, are
II}. For a €0 let |al,=]|al, Then|1|o=0,|2°t=]alo+ 1 for a €0 and
[3-5% = lim,e., [{e}(n)], for 3:5°€0. Thus (O, <, | |o)is Kleene’s recur-
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sive analogue of the countable ordinals. The ordinal |¢|=
Sup{|a|o+ 1| a €0} is the Church-Kleene ordinal w,, the first admissible
ordinal > w.

As another example of a regular arithmetical induction we consider the
hyperarithmetical hierarchy as formulated in MoscHovakis [1974a]. This is
a recursive analogue of the Borel hierarchy. Call a set 8 C Pow(w) an
effective o-ring if B effectively contains the r.e. sets and is effectively
closed under complementation and countable unions. l.e., there is a set
I C w and sets B; C w for i € I such that & ={B.—|i€I} and:

(i) There is a recursive function 7,: w — I such that R, = B, for all
e € w. (Recall that R, is the e-th r.e. set in a standard enumeration.)

(ii) There is a recursive function 7,: w — w such that if {e} is a total
function f: w — I, then

(e)EI and B.. = U 7 Bym.

n<w

An effective o-ring may be constructed as follows. Let 7,(n)=2"
Let 7,(e)=3-5° Let & be the set of rules #— 7,(n) for n € w and
{f(n)| n € w}— 7,(e) for e € w such that {e} is a totally defined function f.
Let I =I(®). Then @ is a deterministic rule set (see 1.2) so that by
recursion we may define B, C w for e €I by

B..,= R, fore€ o,

B.o= U T By iffe}=fio—1
nEw
Then clearly 3 = {B; |i € I} is an effective o-ring.

As @ is regular arithmetical, I = I(®) is IIi. Let ¢ be the monotone
operator associated which @. B can be arranged in a hierarchy & =
U,co, B* where B* ={B. |e € *} for A < w, (=]|¢|). So B°is the set of
r.e. sets, B'is the set of 32 sets, ... B" is the set of arithmetical sets. In
Section 8E of MoscHovakis [1974a] there is a proof of the following result.

2.2.3. THEOREM. 3 is the smallest effective o-ring and coincides with the set
of Al subsets of w.

2.3. Representability

In this subsection we generalize the approach to the recursively enumer-
able and II; relations on w in terms of representability to arbitrary
structures.

Suppose that we¢ have a set A and a theory T that has individual
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constants for elements of A as well as individual variables. (The same
symbol will be used for a constant and the object it names.)

2.3.1. DeFINITION. R C A" is T-represented by the formula 6(x) if x =
X1,..., X, and

R(a)e Ttro(a) forace A"

If A =w and T is a finitely presented theory such as formal arithmetic,
then the set 'T" of Gédel numbers '8! of theorems 8 of T forms an r.e. set
and hence every T-representable relation is also r.e. For if R is T-
represented by (%), then R(a) © f(a)€ T’ for @ € w", where f is the
recursive function given by f(a) = "6(a)' for a € w". Result Il of 2.1 gives a
converse of this result for sufficiently rich T. Hence for suitable systems T,
the T-representable relations are exactly the r.e. relations.

Ordinary recursion theory can be developed from scratch by making a
suitable choice of T. For example Post’s canonical systems (see Post
[1943]) make one such choice, which is further refined in SMULLYAN [1961].
Kleene's systems of equations for representing the partial recursive
functions (see KLEENE [1952]) give another approach.

In GrRZEGORCZYK, Mostowsk! and RyLL-NARDzEwsKI [1958] it is shown
that in second order formal arithmetic with the w-rule exactly the II;
relations are representable. Hence the notion of representability gives a
way of uniformly treating the r.e. relations and the IT; relations. Below we
give such a uniform treatment for arbitrary structures % that gives these
classes of relations on w when 2 is the structure 9t = (w, S, P) of arithmetic
where S and P are the graphs of addition and multiplication.

First we need to give some definitions. Given a set A we introduce the
full first order language L* over A. L* has individual constants for the
elements of A and related constants for the relations on A. There are also
individual variables and n-ary relation variables for each n > 0.

The elementary (i.e. first order) formulae of L* are built up in the usual
way using the connectives and the individual quantifiers Vx, 3x. The
second order formulae are obtained by allowing quantifiers VX", 3X"
where X" is an n-place relation variable. All elementary or second order
sentences of L* are either true or false in the standard interpretation. We
shall be interested in various subclasses of formulae. The existential
formulae are built up from atomic formulae and their negations using v, A
and 3x. Given a binary relation < on A we may introduce the restricted
quantifiers Vx <y, 3x <y abbreviating Vx (x <y— and dx (x <y a.
Then we may define the restricted elementary formulae as those built up



cH. C.7, §2] INDUCTION IN RECURSION THEORY 755

using only restricted quantifiers. We may define the 3, and IT, prenex
formulae, where we allow the matrix to be restricted, in the usual way, e.g.
39 formulae have the form 3x,---3x, Yy, - - Vy,. 0, where n,m =0 and 9
is restricted.

We will also be interested in classifications of second order formulae. A
formula is I} if it has the form VX,---VX,, 0 where m =0 and 6 is
elementary. Similarily we define the I1, and 2. formulae for n >0, by
counting the number of alternating blocks of relation quantifiers.

Given a structure % = (A, R,, ..., R,) L(N) is the sublanguage of L* that
only allows relation constants for equality and the relations R,,..., R, If &
is a collection of formulae of L*, then R C A" is ¥-definable over ¥ if
there is a formula () of L() in & such that ¥ = x,, ..., x, includes all the
free variables of 6(x) and

R(a)© #(a)istrue fora€ A"

Many constructions in ordinary recursion theory make use of some
coding apparatus, e.g. in Gédel numbering. To extend such constructions
to ¥ we shall need such apparatus to be definable on ¥ in a suitable way.

2.3.2. DEFINITION. A coding scheme for A is-a triple € =(N, =.( )
where:

(i) NC A and = is a binary relation on N such that (N, <) =(w, =).
We shall identify N with 0 ={0,1,...}.

() ( ):U,euA™ > A isan injective function. Associated with € are
the following.

(iii) Seq, the set of codes of finite sequences is the range of ( ).

(iv) Ih:Seq— N is given by Ih({x,,..., x.))=n.

(v) g:SeqX N— A 1is given by

x, ifl=i=<n,

gx, ..., x. ) 0) = {

0 otherwise.

(vi) s: N— N is given by s(n)=n+1.

If & is a class of formulae we say that € is F-definable over N if N, <,
Seq and the graphs of 1h,q and s are ¥-definable over 9.

A is F-acceptable if there is a coding scheme € over A that is
F-definable over . In case % is the class of elementary formulae we just
write acceptable for %-acceptable.

Given a coding scheme € over A and a structure ¥, formulae 6 of L(¥)
can be assigned “Gdédel numbers™ '68' € A in a standard way. We shall not
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go into the details of this here but shall occasionally need to make use of
certain facts about such a Gddel numbering.

Given a structure % let T() be the formal system, in the first order
language L(?), that has a standard system of axioms and rules of inference
for first order logic with equality and has the diagram of U as a set of
non-logical axioms. So every true sentence of L(¥), that is atomic or the
negation of an atomic sentence, is an axiom of T ().

Our generalization of the class of r.e. relations on w is the class of
T (N)-representable relations on A. For this to be a good notion we shall
require that 9 is existentially acceptable with an existentially definable
coding scheme 4. Let < be the relation on A that is the strict ordering
relation of the copy of the natural numbers on A given by 4. Let 23(Y) be
the class of relations on A that are X? definable over ¥, where the above
< relation is used in defining restricted formulae. As on w, we can show
that the finitary rule set inductively defining the theorems of A, induces a
39(N) finitary rule set on A.

2.3.3. DEFINITION. A finitary rule set @ on A is Z7() if the relation R, is
37(A) where R, is the set of pairs ({(a,...,a.),b) such that
@ :{a,...,a,}— b

The following is proved exactly as Proposition 2.2.2.

2.3.4. Prorosition. If W is existentially acceptable and & is a 23(N) finitary
rule set, then I(®) is also ().

2.3.5. CoroLLary. If N is existentially acceptable, then 'T(N) is ZI(N)
and hence every T(N)-respresentable relation is Z9().

To prove the last part we need the fact that if 8(x) is a formula and
f(a)="60(a)' for a € A", then the graph of f is in I}(Y). The converse to
this will be given in the next section.

Let us now generalize the w-rule. The system T.() is obtained from
T () by adding the following infinitary rule

A-rule: From 6(a) for a € A infer Vx0(x).

Let us call an elementary formula ¢(Xi,..., Xm, x;- - x,) of L(A)
universally true if the I} sentence
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le"'VXm Vx,"'Vx,.(p(X,,...,X,..,x,,...,x,,)

is true. It is easily seen that the axioms of T.() are all universally true and
all the rules of inference of T.(¥) preserve universal truth. Hence we have:

2.3.6. ProposITION. T(N)F ¢ implies ¢ is universally true.

In case A is countable a completeness theorem holds that gives the
converse to Proposition 2.3.6. It can be proved using the omitting types
theorem for countable first order languages (see CHANG and KEISLER
[1973]) or else it can be proved by a direct Henkin construction, as in
GriLLioT [1974].

2.3.7. THEOREM. For countable U,

T- ) Fo iff ¢ is universally valid.

2.3.8. CoroLLARY. For countable U a relation on A is T.(U)-representable
iff it is TI1(N) (i.e. T1}-definable over A).

Proof. By Theorem 2.3.7, (x) T()-represents R iff VX, --- VX, 0(x)
defines R, where X,,..., X, are the relation variables occurring in the
elementary formula 6(x). This result includes the special case of arithmetic
when A =N. O

As before, if we assume given a coding scheme € over %, the rule set
inductively defining the theorems of T.(%) when Godel numbered induces
a rule set on A that has the following property when € is elementary
over .

2.3.9. DErINITION. A rule set @ on A is regular elementary over ? if there
are elementary relations R, S such that @ is the set of rules R, — b such
that S(a, b).

2.3.10. ProrosiTioN. If % is an acceptable structure, then there is a regular
elementary rule set @ such that 'T.(A) = [(P).

This result will be needed in the next section.

Finally we consider the notion of truth for (elementary) sentences of
L(N). It is easily seen that every true sentence can be proved in T-(%) and
hence we have the characterization. If ¢ is a sentence of L(¥) ¢ is true iff



758 ACZEL/AN INTRODUCTION TO INDUCTIVE DEFINITIONS [eH C.7, §3

T(N)F ¢. Alternatively we may give the usual inductive definition for
truth that follows the way ¢ is built up. This can be expressed as follows.
Let us call expressions of the form + ¢ or — ¢ where ¢ is an sentence of
L(), labelled sentences. Now let & be the following set of rules on
labelled sentences.

@— + 6 for each true atomic sentence 6,

#-— — 0 for each false atomic sentence 8;

{+e¢, +¢}— + (¢ A y) for sentences ¢, ¢,
{—@}— — (¢ A ¢) for sentences ¢, ¢,
{—¢}—> — (¢ A¢) for sentences ¢, Y;
similar rules for 4, v, —;
{+<p(a)'aeA}—> +V¥xe(x) forsentence Vxo(x),
{—¢(a))—> —VYxe(x) fora€A;

and similar rules for Ix.
Then if ¢ is a sentence,

¢ istrue iff +¢ € [(P),
@ is false iff —o¢ € I(D).

Note again, that when Godel numbered, using an elementary coding
scheme, the above rule set & induces a regular elementary rule set on A.

3. Classes of inductive definitions

3.1. The general framework

Much recent work on inductive definitions falls under the following
general framework. Assume given an infinite set A. Let & be a class of
operators, each of the form ¢ :Pow(A")— Pow(A") for some n >0.

3.1.1. DerINITION. (i) RC A" is €-inductive if there is ¢ :Pow(A™)
—Pow(A™) in € with m =n and b € A™™" such that for a € A",
R(a) & (h,a)E ¢~.

(ii) IND(Z) is the set of &-inductive relations.
(iii) |€|=Sup{|e||e € €}
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Why not define IND(%) to be {<p°°| ¢ € €}? This turns out not to be
natural, as we will want IND(&) to have certain closure properties, e.g. we
generally want IND(&) to be closed under intersections and there seem to
be no reasonable conditions on & that will ensure this for {q>°°| ¢ € &}. We
give a general result below that gives closure properties of IND(&) given
suitable assumptions on &.

Call T:A"— A™ a section map if m =n and for some b€ A™™",

r(@)=(b,a) forallac A"
Then IND(%)={r""¢"| ¢ € € & 7 is a section map}.

Section maps are used to code several inductive definitions into one. The
following is the key to this.

3.1.2. LEmMA. Let n,,...,n, >0 and m =max(n,,.... n )+ 1. Then there
are section maps 7,: A" —> A", ..., :A™ — A" that have pairwise dis-
joint ranges.

Proor. Choose pairwise distinct elements ¢,,...,cc € A and define

m—n;

———
n@a)=(,...,c,a) €A™ forace A~ O

3.1.3. DEerINITION. An operator
0 : Pow(A™)X -+ - X Pow(A"™)— Pow(A")

is section codable in € if for section maps 7, A" > A", , A= A",
T:A" > A" ¢ € € where ¢ : Pow(A™)—Pow(A™) is given by

e(S)=70(r7'S,...,7'S) for SCA™

3.1.4. ProrosiTiON. If (i) & is closed under unions (i.e. o, y € & implies
¢ U €E where ¢ UP(S)=@(S)Ud(S),

(ii) every operator in € is section codable in &,
then IND(%) is closed under every operator 6 :Pow(A™)X---Xx
Pow(A ")— Pow(A ") that is section codable in € and is monotone in each
argument.

Proor. Let 0 be as above, section codable in € and monotone in each
argument. Let R, = o;'¢" where .: A" — A™ is a section map and
@i :Pow(A™)—>Pow(A™)is in & for i = 1,.., k. We wish to show that
(R, ..., R\)=1""¢~ for some section map T and some ¢ € &.
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Let m =max(m,,...,m,n)+1, and choose section maps
TAT—=>AT, .., AT > AT, T:A"—> A" with pairwise disjoint
ranges. Let ¢ (S)=re(ri'S)for i=1,...,k and SCA™ Let 6'(S)=
10((1:0,)7'S, ..., (1x0:)'S) for SC A™. Finally let ¢(S)=¢@i(S)U - U
e(S)U 0'(S) for S C A™. By assumption (ii) each ¢ ;€ &. As 0 is section
codable in &, 8'€ €. Hence by assumption (i) ¢ € €.

Now it is easy to see that ¢ =17."¢” so that R, =(no,)"¢” for
i=1,...,k Also, 77'¢"* = 6((ri0) '~ ..., (1o ) "¢ =*). Hence as @ is
monotone,

-1 = _ —1 A
T ¢ = T @

Y
LAJ o0(rio) e (o) e™t)

(o) 'e”, ..., (o ) ™)
O(R,,...,R). O

Note. Monotonicity of 6 is essential in the above theorem. In general
IND(Z) will not be closed under complementation.

3.1.5. ExampLE. The basic first order monotone operators are v", A", 3"
and V" for n >0.

v'(R,S)=RUS forR,SCA",

A"(R,S)=RNS forR,SCA";

I"(R)={a€ A" |IxR(x,a)} for RC A",

V' (R)={aEA"

VxR(x,a)} for RCA""".

Usually the class & of operators is specified by definability conditions.

Let ¢ (X, x) be a formula of L* having free at most the n-ary relation
variable X and the individual variables ¥ = x,, ..., x,. We say that ¢ (X, x)
defines the operator ¢ : Pow(A")— Pow(A") if

e(S)={a€ A" | (S, a)istrue} for SCA™.

Given a class % of formulae of L* and a structure = (A, R,,..., R)) let
F (1) denote the class of operators definable by a formula of % in L().
Let mon-%(A) denote the subclass of monotone operators in (). Finally
let pos-% () denote the class of operators definable by a formula ¢ (X, %)
of % in L() in which X occurs only positively, i.e. ¢ (X, £) is built up from



cH. C.7, §3] CLASSES OF INDUCTIVE DEFINITIONS 761

formulae not involving X and atomic formulae involving X using only the
positive connectives v, A and the quantifiers. Operators in pos-F(¥) are
automatically monotone. So we have

pos-F(N) C mon-F(AN)C F(A)
and hence
IND(pos-Z(N)) C IND(mon-F()) C IND(F())

and |pos-F(N)| = [mon-F(N)| = | FA)|.

3.2. Positive existential induction

In this subsection we look at perhaps the simplest example of the general
framework, i.e. we consider the class of operators pos-F(%), where & is
the class of existential formulae. We shall write IND(3 — %) and |3 — ¥| for
IND(pos-%()) and | pos-F(N)|, when F is this class. We will see that for
existentially acceptable 9 the class IND(3 — ) coincides with the T()-
representable relations and gives a good generalization of the r.e. relations
on w.

3.2.1. Prorosition. If U is infinite, then

-9 = w

Proor. |-

Z w, as |@.| = n for each n € w where

e (X) = {xEA[ Y [/\ X(a;) A x =a.]} for X C A,
i<n Lj<i
where ay, ..., a._, are pairwise distinct elements of A. Clearly each ¢, is
positive existential, ¢} = {q lj < i} for i = n and hence I(¢) = {aq; lj <n}.
To show that |3 - %| =< w, by Proposition 1.3.4 it suffices to show that
each positive existential operator ¢ is w-based. For this it suffices to show
that, for each existential formula 8(X) positive in the relation variable X
and containing no other free variables, 8(R) is true implies #(S) is true for
some finite S C R. This is easily proved by induction on the way such
formulae 8(X) are built up.
The next result gives closure properties for IND(3 - 9).

3.2.2. ProposITION. (i) If 6 :Pow(A")X---XPow(A™)—Pow(A") is
positive existential over Y (or equivalently is section codable in the class
of positive existential operators), then IND(3 — ) is closed under 0. Hence
the relations =, R, ..., R, and their complements are IND(B—?I), as
the appropriate constant operators are positive existential over %. Also
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IND(3—N) is closed under v", A", 3" for n >0 as these are positive
existential over Y.

(i) FNC A, < isarelationon A, and S : N — N such that (N, <,8)=
{w, <,S) and N, < and the graph of S are existentially definable over I,
then IND(3— ) is V2-closed for n >0 where

Vi(R)={(a,b)EA™' |aEN& Vx(x <a—R(x,b))} for RCA™"
Proor. (i) This is an application of Proposition 3.1.4.

(ii) Let R=7"¢" where 7:A""'—> A" is a section map and
¢ :Pow(A™)— Pow(A™) is positive existential over Y. We show that
V:(R) is in IND(3-%). First identify N with o ={0,1,...}. Let
7.:A"—> A" be the section maps 7.(¥)=(i,x) for xE€ A™ where
i=0,1. Let ¢ (X)= 1o (' X)U(nT)0({(707)'X, (m7)'X) for XCA™,
where

(Y, Z)={(x,x)EA" | x=0vIy(x=5s(y) & Y(y,X) & Z(y, %))}

for Y,ZCA""".

Then ¢ is positive existential over M. Clearly 75'¢*=¢". So R =
(7o7)"¢”. Hence if S = (7,7)'¢”, then S(x, X)) © x =0o0r Iy (x = s(y) &
R(y,x) & S(y,x)). This can only hold if § =VZ(R). Hence VI(R)=
(rim) ' is in IND(3-9). O

3.2.3. ProrosiTiON. If ¢ : Pow(A™)— Pow(A ™) is positive existential over
A, then I(¢) is T(A)-represented by & (X)— X(x), where Y(X) is
Vy (e(X,9)— X(¥)) where ¢(X,x) is an existential formula of L()
positive in X that defines the operator.

Proor. Let T be the relation represented by (X )— X(x). First note that
if @ € T, then by Proposition 2.3.6, (X)— X(a) is universally valid, i.e.
a€M{SCA™|e(S)CS}=1(p). Thus TC I(¢). To show I(¢)C T it
suffices to show that ¢(T)C T. We need the following.

Claim. Let 8(X) be an existential formula of L(¥) containing x only
positively and containing no other variables free. Then

0(T) is true implies TEDFY(X)— 0(X).

This claim is proved by an easy induction on the number of logical
symbols in 6(X).
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Now if a € ¢(T), then ¢(T,a) is true, and hence by the claim
TEDFY(X)— @(x,a). Recalling that ¢(X) is Vy (¢(X,y)— X(¥)) it
follows that T(Y)F Y (X)— X(a) and hence @a € T. Thus ¢(T)C T as
required. [

3.2.4. THEOREM. Let Y be an existentially acceptable structure. Then the
following are equivalent for a relation R on A.
(i) R € IND(3-),
(ii) R is T(N)-representable,
(iii) R is Z{(N)-definable.

Note. In (iii), Z7(Y) is defined relative to the copy (N, <) of (w, <) where
€ =(N, <,{ ) is an existentially definable coding scheme over Y. It
follows from the theorem that X7(Y) is essentially independent of the
coding scheme € used.

PrOOF. (i)— (ii). Let R = 7 '@~ where 7 is a section map 7(a) = (b, a) for
a € A", and ¢ is a positive existential operator over . Then by Proposi-
tion 3.2.3, ¢~ is T()-representable by a formula 6(y) say. Then

R@) & r(@a)E e~ TANFO(b,a) forac A™

Hence R is T()-represented by 6(b, x).
(i1)— (iit). This is just Corollary 2.3.5.
(iii)— (i). This follows from Proposition 3.2.2. []

The following property holds for the r.e. relations on w and is one of the
basic structural properties used in recursion theory and its generalizations.

3.2.5. DerINITION. A class I' of relations on A has the parametrization
property if for each n >0 there is a relation U C A""' such that U € I and
for each R C A" that is in I" there is an a € A such that

R=U,={a€ A" |U(a, a)}

3.2.6. THEOREM. If Y is existentially acceptable, then IND(3 — V) has the
parametrization property.

Proor. By Corollary 2.3.5 and Theorem 3.2.4 the set 'T() is in
IND(3 - ). We also need the following fact about coding the syntax
of 'T(A).
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The relation Sub is in Z{(A) and hence in IND(3 — Y1), where for
a, b,c € A Sub(a, b, c) < there is an elementary formula 6(x) in L()
with @ = '9(x)' and there is b such that b =(b) and ¢ = '8(h)'.

Now, given n >0 let UC A""' be given by

U(a, @) & 3x [Sub(a, (@), x) & x € 'TAV)].

Using the closure properties of IND(3-) we see that U€
IND(2-). Now if RCA" is in IND(3—) then by 3.2.4, it is
T(N)-represented by a formula 6(x) say. Let a = '§(x)". Thenfora € A"

R(a)e '8(a) e T
< Ula, a).

Hence R =U,. O

3.3. Positive elementary induction

In this subsection we will outline some of the properties of positive
elementary induction. The theory has been presented in MOSCHOVAKIS
[1974a] and readers should look there for a detailed development of the

subject.
If % is the class of elementary formulae of L*, then we shall write

IND(Y) for IND(pos-F()) and « (¥) for |pos-F(A)|.

3.3.1. ProrosiTioN. IND() is positive elementary closed over 2 (i.e. if 6 is
section codable in the class of positive elementary operations, then IND() is
closed under 0). Hence the relations =, R, ..., R, and their complements
are in IND() and IND() is closed under v", A", 3" and V" forn > 0).

This is an application of Proposition 3.1.4.

3.3.2. ProrosiTiON. Let @ be a rule set on A that is regular elementary over
A. Let ¢ : Pow(A)— Pow(A) be the associated monotone operator. Then ¢
is positive elementary over U and hence I{(®) = I(¢) € IND().

Proor. Let @ be the set of rules R, — b such that S(a,b). Then for
X CA,
e(X)={bEA[3y[S(y.b)nV¥x (R(a,x)—> X))}

If R and S are replaced by their elementary definitions then we obtain an
elementary definition of ¢. [J
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3.3.3. CoroLLARY. If A is acceptable, then "T.(N) € IND() and hence
every T.(N)-representable relation is in IND().

Proor. The first part follows from Propositions 3.3.2 and 2.3.10. The last
part is proved as in the last part of Corollary 2.3.5 using some of the closure
properties of IND() given in 3.3.1. [J

3.3.4. ProrosiTiON. If ¢ : Pow(A™)— Pow(A ™) is positive elementary over
N, then I(¢) is T.(N)-representable.

ProoF. This result is proved as in the proof of Proposition 3.2.3. The claim
used there must be modified by replacing T(¥) by T.() and allowing
0(X) to be any elementary formula of L(). The A -rule of T.(%) is just
what is needed in order to take care of the proof for the case that 8(X)is a
universal quantification. [

As a consequence of the previous two results we have:

3.3.5. THEOREM. For acceptable % and relation R on A, R € IND(Y) iff R
is T.(N)-representable.

As in the proof of Theorem 3.2.6, we have:

3.3.6. CoroLLARY. If W is acceptable, then IND() has the parametriza-
tion property.

The following result is called the Abstract Kleene Theorem in Mos.
cHovaKIs [1974a]. The proof given there uses a quite different method to
the one we use.

3.3.7. Tueorem. If N is a countable acceptable structure and R is a relation
on A, then R € IND() iff R is T1; ().

This theorem is an immediate consequence of Corolary 2.3.8 and
Theorem 3.3.5.

3.3.8. DerFINITION. A norm on a set R is a map o : R— A of R onto an
ordinal A. A is called the length of o.

If R C A" then associated with o are the 2n-ary relations <7 and =7}
given by
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a<tbh e R(a) & (R(b) > o(a)< a(bh)),

as*th & R(a) & (R(b) > o(a)=a(b)),
fora,be A"

3.3.9. ExampLE. If ¢ :Pow(A")—>Pow(A"), then | |,:¢"— @] is a
norm on ¢~. We write <* and <% rather than <} and <% when o =] |,.

3.3.10. DeriniTION. Let I be a class of relations on A. If R is a relation on
A,thenanorm o on Risa I'-norm if <*¥and <% arein I'. I is normed if
every relation in I" has a I'-norm. For normed I let o(I") be the supremum
of the lengths of the I'-norms.

3.3.11. ProrosiTioN. IND(X) is normed.

Proor. Let R =7""¢” where 7 is a section map and ¢ is positive
elementary over ¥1. Let ao(a) = |7(a)|, for @ € R. o4: R — | ¢ | may not be
a norm as its range may not be an initial segment of ordinals. But there is a
unique order preserving function f mapping the range of o, onto an ordinal
A. Then if o(a)= f(ou(a)) for a €E R, o: R—» A is a norm on R of length
RN leo]|. B B

Note that for a,b € A", a<*b iff r(a)<*7(b) and similarly for =%.
Hence to prove the proposition it suffices to show that <} and =7 are in
IND(). This follows from:

3.3.12. First STAGE COMPARISON THEOREM. Let ¢ :Pow(A")— Pow(A")
be a positive elementary operator. Then there are positive elementary
operators ¢.., ¢=:Pow(A*")— Pow(A®") such that

<*=1I(p.) and =} =I(p=).

Moreover, ¢ (X)={(a,b)E A> | (b, a) € p=(X)} for X C A™.

PrROOF. ¢. and ¢. are defined as follows. Let

(b,X)E X))} for XCA™,

0(X)={ab)ye A™

ace({xEA"
where ¢'(Y)=¢@(Y)UY for YC A" Then let ¢(X)=6(8(x)) for
X C A°" and define ¢.. as required by the theorem. Then observe that 6 is
positive elementary and hence that ¢- and ¢. are also. The proof that
these operators inductively define <} and <} follows easily from the
lemma below. [
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3.3.13. LemmMma. For all ordinals A,

Proor. This lemma is proved by induction on A. [

3.3.14. DeFINITION. A relation R on A such that both R and R are in
IND() is called hyperelementary over Y. We write HYP(2) for the class of

such relations.
This class generalizes the class of hyperarithmetical relations on w.

3.3.15. CoroLLARY. If ¢ : Pow(A")— Pow(A") is positive elementary over
A, then ¢ EHYPN) for all A <|¢].

ProoF. If A <|¢|, then A =|a|, for some a € I(¢). So

(x,a)E eZ}={X EA"|(4,%)E ¢},

pt={xE A"

x=¥a}l={xe€A"

(a,x)€ ¢Z}.

ot ={fEA"|a<ix)={xEA"
So if r(x)=(a, x) for x € A", then

o' =7"'¢Z and e’ =71""pZ.

Hence ¢* € HYP(Y). O

The basic properties of the II; relations on o, and more generally of
IND(?) for % an acceptable structure, are incorporated in the following
important definition first introduced in MoscHovakis [1974a].

3.3.16. DerFINITION. A class I of relations on a set A is a Spector class over
A if

(i) I' is positive elementary closed over Y[ (see Proposition 3.3.1),

(ii) I' contains a coding scheme € on A (i.e. N, =, Seq, the graphs of
lh, g and s and the complements of all these are in I' where these are
defined in Definition 2.3.2),

(iii) I" has the parametrization property (see Definition 3.2.5),

(iv) I' is normed.

3.3.17. TueoreM. If W is an acceptable structure, then IND() is the
smallest Spector class over .



768 ACZEL/AN INTRODUCTION TO INDUCTIVE DEFINITIONS [ch. C.7, §3

This result also holds under the slightly weaker hypothesis that % is
almost acceptable, where this means that IND(2) contains a coding scheme
on A. The fact that IND(?) is a Spector class over U is obtained by
combining Proposition 3.3.1 and 3.3.12, and Corollary 3.3.6. To see that it
is the smallest one requires the following result about Spector classes.

3.3.18. THEOREM. Let I’ be a Spector class over UA. Let
¢ :Pow(A")—>Pow(A") be positive elementary over . Then I(¢)E .

Proor. We sketch a proof of this. The details may be found in 9A of
MoscHovakis [1974a). By the parametrization property of I’ choose
UC A" in I to parametrize the (n + 1)-ary relations in I'. Let 7: U > «
be a I'-norm on U. Let Q(t,a)© a€e({xEA" [(t, LX)<t(4t, a)}).
Then as I' is positive elementary closed Q € I' and hence Q = U, for
some a € A.

Let P(a) < Q(a,a) for a€ A" Let o,: P— « be given by oo(a)=
t(a, a,a) for a € P. o, may not be surjective, but by composing with an
order preserving mapping of the range of g, onto an initial segment of
ordinals we obtain a norm o on P. Then fora € A",

P@a)o ace(i€A™|%<ta}).

But it may easily be shown that any P with a norm satisfying this
equivalence must be identical with I(¢). Hence as P, I(p)E . [J

The ordinal « (%) may be characterised in terms of IND() as the sup of
the lengths of the positive elementary inductive norms over ¥, i.e.:

3.3.19. THEOREM. ()= o(IND()).

The next result generalizes the Spector-Gandy theorem for the II]
relations on w.

3.3.20. ABSTRACT SPECTOR-GANDY THEOREM. Let A be an acceptable
structure. If R C A", then R € IND(Y) iff there is an elementary second
order relation R such that fora € A"

R(a)© IX EHYPX)R(X, a).

This result was first stated and proved in MoscHovakis [1974a]. A
simplification of that-proof was given in AczeL [1972]. It used a new proof
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of Moschovakis’s second stage comparison theorem (7 C.1. of Mos-
cHOVAKIs [1974a]). The following consequence is the main fact needed.

3.3.21. ProrosiTioN. Let ¢ : Pow(A")— Pow(A") be positive elementary
over . Then there is a second order relation 2 that is elementary over
such that if @ € I(¢) or b € I(p), then the following are equivalent
() a=<ib
(i) 3X2(X, a,b),
(iii) 3X € Hyp(A)2(X, a, b).

ProoOF. Let ¢ :Pow(A?")— Pow(A™") be the operator used in the First
Stage Comparison Theorem 3.3.12. Let 2(X,a) © a € X & X C ¢=(X),
for X C A* and @ € A*". Then 2 is elementary over Y. To see that (i) and
(ii) are equivalent,

astbo b<ias (ba)Ze>o (ab)& (@)
© VY [¢(Y)C Y D> Y(a b))
© IX[¢=(mX)C X & X(a b)) & IX2(X, 4 b).

As (iit) = (ii) is trivial it only remains to show that (i) = (iii). Solet @ =% b.
Then for some A <|¢|, @ € ¢* and hence by Definition 3.3.13, (4, b) €
oL As @i Co(pl) it follows that 2(¢k,a,b). As A <|¢|=]|¢=<| it
follows from Corollary 3.3.15 that <p;‘€ HYP(). Hence 3IX€E
HYP(N)2(X,a, b). O

We end this outline of the theory of positive elementary induction by
giving, without proof, Moschovakis’s normal form theorem for an accept-
able structure. For this we need to introduce the game quantifier.

In general, by a quantifier on a set A we mean a set QC Pow(A). If
R C A we write Qz R(z) instead of R € Q. For example the existential
and universal quantifiers on A are 3 = Pow(A)— {0} and V={A}.

Given an elementary coding scheme for a structure ¥ the game quantifier
G on A is the set of R C A such that

(*) {Vxlay,szayz"'} \ R«xn,)’l,---,xm,)’m))-

Eq. (*) is interpreted in the usual way in terms of a game 4 (R) between
two players 3 and V who alternately choose elements of A, starting with V,
to produce a sequence x,, yi, X2, ¥2,... . If for some m, (x;, ¥1, ..., Xm, Ym) E
R, then player 3 wins. If this never happens then player V wins. Now (*) is
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interpreted to mean that player 3 has a winning strategy for the
game %(R).

3.3.22. THEOREM (5C of MoscHovakis [1974a]). Let A be an acceptable
structure. Let G be the game quantifier on A relative to an elementary coding
scheme for . Then for RC A", R € IND() iff there is an elementary
relation S C A" such that fora € A",

R(a) © GzS(z,a).

3.4. Relativisation to a non-trivial monotone quantifier

In this subsection we indicate how the notions and results of the last
section can be generalised by relativising to a non-trivial monotone
quantifier Q on A. Q C Pow(A) is non-trivial if Q # @ and Q # Pow(A). Q
is monotone if A D X D Y € Qimplies X € Q. The quantifier Q dual to Q
is given by Qz R(z) & —Qz —1 R(z). The language L*(Q) is defined like
L* except that formulae Qz ¢(z) and Qz ¢(z) are allowed for any formula
(z).

The standard interpretation of L* is extended to sentences of L*(Q) by
requiring that

Qxod(x)istrue iff {a€ A 'd>(a) is true} € Q,

and similarly for Qx ¢ (x).

The language L(%, Q) is the sublanguage of L* (Q) corresponding to the
sublanguage L(%) of L*. Positive and negative occurrences of relations in a
formula of L*(Q) are defined by treating Q and Q in the same way as the
ordinary quantifiers. Define the Q-elementary formulae of L*(Q) like the
elementary formulae of L* except that Qx and Qx are allowed. Now
define IND(?,Q) as in the definition of IND(?) except using positive
Q-elementary operators instead of the positive elementary ones.

Now the result of 3.3 concerning IND() will carry over to IND(Y, Q)
with suitable changes, i.e. “elementary” should be replaced by “Q-
elementary”. Where ¥ is required to be acceptable, it is sufficient here that
VW is Q-acceptable, i.e. there is a Q-elementary coding scheme. Among the
positive Q-elementary operators there are the Q" and Q" defined like V"
and 3". The theory T.(?]) needs to be replaced by the theory T.(%, Q).
This is obtained from T.(A) by allowing Q-elementary formulae and
adding the following possibly infinitary rules.

Q-rule: From #(a) for a € X infer Qx6(x) if X € Q.

Q-rule: From 6(a) for a € X infer Qx6(x) if X € Q.
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(See AczeL [1970] where such rules are considered.) Using T.(%,Q),
results 3.3.3-3.3.6 carry over to IND(, Q). There does not seem to be any
analogue of Theorem 3.3.7. Theorem 3.3.17 carries over to yield that if ¥ is
Q-acceptable then IND(¥, Q) is the smallest Spector class over U that is
closed under each Q" and Q".

The Abstract Spector-Gandy Theorem 3.3.20 also carries over to
IND(L, Q). Of course HYP(, Q) must be used instead of HYP().

The Normal Form Theorem 3.3.22 also carries over, but for this it is
necessary to generalise the game quantifier. This has been carried out in
AczeL [1975] where it is shown how to interpret any infinite string
Q.x, Q;x; - - - of non-trivial monotone quantifiers as the following alternat-
ing string of ordinary quantifiers:

3X|€Q|VX|EX|3X2€Q;_VX2€X:" LN

This can be interpreted in terms of a game between two players as in the
definition of the game quantifier. Now given a Q-elementary coding
scheme for the structure ¥ we -define the relativisation Q" of the game
quantifier as the set of R C A such that

{Qx,Qy, Vx23y,Qx:Qys- -} V. REX1, Vi os Xy Yo ))-

meEw

Note that V" is just the game quantifier G. Theorem 3.3.22 carries over to
IND(¥, Q) if G is replaced by Q".
We end this section by stating an important recently obtained result.

3.4.1. THEOREM (HARRINGTON [1975]). Let A be an acceptable structure.
Every Spector class over N has the form IND(N, Q) for some non-trivial
monotone quantifier Q on A.

3.5. Non-monotone induction

The first examples of non-monotone inductive definitions were those
that appeared in the construction of various systems of notations for larger
and larger segments of the countable ordinals. The first such systems were
those of Church-Kleene for the recursive ordinals. One such example is
Kleene's 0 considered in 2.2. The first ordinal not having a notation in 0 is
the Church-Kleene ordinal w,, that is a recursive analogue of the first
uncountable ordinal. The inductive definition of O uses a monotone
operator. But attempts to extend O to systems of notations for recursive
analogues of the higher number classes soon lead to non-monotone
operators. For example let ¢ :Pow(w)— Pow(w) be the monotone
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operator associated with the regular arithmetical rule set generating
Kleene’s 0 in 2.2. We may extend 0 by adding a notation 7 (say) for the
ordinal w, and then continuing as before, i.e. we define a non-monotone
operator ¢,: Pow(w)— Pow(w) given by

{¢(X) if $(X)Z X,

di(X) = for X C w.

{1 ife(X)CX

Then for A <|¢| = w,, d1 = ¢" so that ¢{'= ¢~ U{7} = 0 U{7}. Hence
|7]s, = @,. It is not hard to see that |¢,| = w, + w, so that ¢7 is a set of
notations for the ordinals < w, + w;. The above may be continued very
much further and leads to notation systems for much larger ordinals such as
recursive analogues of the finite and transfinite number classes. (See
ApbisoN and KLEeNE [1957], KReIDER and RoGers [1961], PuTtNam [1961]
and RIcHTER [1965, 1967, 1968].)

The above work was concerned with the details of specific notation
systems. In PutNaM [1964] a more general approach was taken where it was
shown that arbitrary A; inductive definitions can only give notation systems
for an initial segment of the A} ordinals (i.e. the order types of A}
well-orderings of natural numbers). Further work has shifted the interest
from the study of specific inductively defined notation systems to the study
of classes € of inductive definitions on w, and the associated ordinals | €].
This shift, encouraged by Gandy, led to the work of RIcHTER [1971], AczeL
and RicHTER [1972], RicHTER and AczEeL [1974], AANDERAA [1974], CENZER
[1974] and RicHTER [1976]. This work gives characterisations of | €|, for
various classes &, in terms of recursive analogues of large cardinals. Such
analogues were defined using Kripke’s theory of recursion on admissible
ordinals. The starting point is to take the admissible ordinals as the
recursive analogue of the regular ordinals. It turns out that the first
admissible > w is the Church-Kleene ordinal w, so that the two ap-
proaches to recursive analogues agree. Other analogues are the recursive
inaccessibles (admissible limits of admissible ordinals) and the recursively
Mahlo ordinals (admissibles « such that for every a-recursive f:a = a
there is an admissible B8 < a closed under f). For recursive analogues of
even larger cardinals reflection properties were introduced in RicHTER and
AczeL [1974]. Examples are the I1%.,-reflecting ordinals which give a
recursive analogue for the II,-indescribable cardinals for n >0.

Below we shall state some of the results obtained. But first we need a
construction invented in RIcHTER [1971]. Given ¢, ¢ : Pow(w)— Pow(w)
define [&, ¢]: Pow(w)— Pow(w) by
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d(X) if $(X)Z X,

[d’,ll'](x):{ for X C w.
(X)) if p(X)CX

Note that ¢, introduced above is [¢, ¢] where ¢ (X) = {7} for all X C w.
If €., &, are classes of operators on w let [, €] = {[¢1, ¢.]| ¢ € &, and
¢2 E gz}

3.5.1. ProrosiTion. (i) [T15] = w.
(ii) (Gandy, unpublished) [I1}| = w,.
(ii)) (PutnaM [1964]) |Aj| = 83, the first non A; ordinal.
(iv) (RicHTER [1971]) |[IT3, 18] | = w?, |[I1$, T1G) | = first recursive inacces-
sible, |[I13,T17]| = first recursively Mahlo ordinal.
(v) (AczeL and RicHTER [1972]) {II0] = |20, ] = first I, reflecting
ordinal.
(vi) (AczeL and RicuTer [1972]) |I}| = first I} reflecting ordinal,
| 31| = first 3.} reflecting ordinal.
(vii) (RICHTER [1976)) |T13| = first 11} reflecting ordinal.
(viii) (AANDERAA [1974]) |I1i]| < |Z}| and |3Z3| < |I13].

Many more results may be found in the above-mentioned papers. It is
interesting to compare these results with corresponding results for classes
of positive and monotone operators on w.

3.5.2. PrOPOSITION. (i) |pos-Z| = |mon-%{| = w.
(ii) (SPEcTOR [1961]) |pos-I1}| = |mon-I1}| = w,.
(iii) (Grilliot, unpublished) |pos-%i| = |mon-2i[ = |Z}].
(vi) (Gandy, unpublished) |pos-3}| = [mon-3:| = §..

Moschovakis has recently raised the problem of characteristing
|pos-IT}| = |mon-II3|. It is not even known whether this ordinal is
admissible.

In the above we have only stated results about | €|. Of course the class
IND(&) is also of interest. Under general conditions on & the ordinal | €] is
admissible and IND(®) is a Spector class with | € | = o(IND(&)). Moreover
in many cases considered in RicHTER and AzceL [1974], IND(&) may be
characterized, in terms of a-recursion, as the class of a-r.e. relations on @
where a = |¥&]|.

The theory of non-monotone induction on w has been most elegantly
generalised to abstract structures in MoscHovakis [1974b]. The central
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notion of that paper is that of a typical, non-monotone class of second
order relations over an abstract structure Y[. Examples are the classes of 3.7
or II7 definable second order relations over 91 when m, k =1 or m =0 and
k=2. In case m =0 these classes are defined relative to a hyper-
elementary coding scheme over ¥, as in 2.3.

3.5.3. THEOREM (MoscHovakis [1974b]). Let T be a typical, non-monotone
class of second order relations on N. Let & be the set of operators
¢ : Pow(A")— Pow(A ") such that {(£, X)E A" X Pow(A")| % € ¢(X)} is
in 7. Then IND(Z&) is a Spector class over 2 with | €| = o(IND(&)).

Moschovakis goes on to characterise IND(&) as the smallest Spector
class over Yl satisfying certain additional conditions.

We end this subsection by stating a special case of an interesting general
result of HARRINGTON and KEcHRIs [1975].

Let Yl be an acceptable structure, and let € (pos-&, mon-&) be the class
of elementary (positive elementary, monotone elementary) operators over
A. Let WE={S C A*|S is well-founded}.

3.5.4. THeoreM (HARRINGTON and KEecHRris [1975]). If WF is elementary
over N, then IND(%) = IND(mon-%).

This result is in contrast to the situation for countable % when
IND(pos-€) = I1}(N) = IND(mon-&). (IND(%&) is always very much larger
than IND(pos-€).)

3.6. Induction and admissible sets

In this subsection we will assume some familiarity with the notion of an
admissible set (see Chapter A.7).

Given an admissible set A, let 9 = (A, €[ A). The class of 3, formulae
of L* are built up from the atomic formulae and their negations using v,
A, 3x and the restricted universal quantifier Vx € y. As in 2.3 the 2,
relations over ¥l are those relations on A definable over A by a X, formula
of L(YI). (Note that this means that constants for elements of A
are allowed.) As in 3.1 we define the class of operators
¢ : Pow(A")— Pow(A ") that are positive %, over U, the ordinal 0o(A) of A
is the smallest ordinal not in A. Finally, recall that a relation RC A" is
A-finite if R € A. (Note that, as A is closed under pairing, A" C A for
n >0. So every relation on A is a subset of A.) Much of the interest in
admissible sets centres around the infinitary languages L. that are
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associated with them. Recall that these are extensions of first order
languages where the formulae are set-theoretically represented as elements
of A, and infinite conjunctions and disjunctions A @ and V @& are allowed
as long as @ is an A -finite set of formulae. Just as the syntax of first order
languages is full of effectively presented finitary inductive definitions, the
syntax of L, uses the following. Below let A be a fixed admissible set.

3.6.1. DerINITION. (i) A rule set @ on A is A-finitary if the set of
premisses of every rule in @ is A -finite.

(i) An A -finitary rule set @ is X, over  if it is so as a binary relation
on A.

The following result essentially generalises Proposition 2.1.2 (in fact
2.1.2 is essentially the special case when A is the set HF of hereditarily

finite sets).

3.6.2. ProposiTION. If @ is an A-finitary rule set that is 3, over Y1, then
(D) is %, over Y.

Proor. Let ¢ : Pow(A)— Pow(A) be the monotone operator associated
with @. Let Pro(a, b) if a € A is a ¢-proof of b (see Definition 1.4.1).
Then it follows easily from the assumptions that Pre is 2, over . Hence it
would suffice to show that I(®)={b € A |Ja € A Pro(a, b)}. But the
natural proof of this will only work if 2 satisfies ‘“‘every set can be

well-ordered”.

Hence we use a modification of the notion of ¢-proof. We say that
{a.}.<. is a ¢-quasi-proof of b if

(i) a, ={b}, and

(i) a. Cd(U,...a,) for all v <A
As in the proof of Proposition 1.4.2 we can show that for an arbitrary
monotone operator

(*) I(¢)={a € A | a has a ¢-quasi-proof}.

But the proof of (*) requires no form of the axiom of choice, in contrast to

the proof of 1.4.2.
Now let qPrs(a, b) if a € A is a ¢-quasi-proof of b. As qPr, is easily
seen to be X, over ¥ it suffices to prove the

Claim. I(®)={b€ A |3a € A qPrs(a, b)}.
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The inclusion D follows from (*) above. For the other inclusion it is

sufficient to show that the right-hand side is ®-closed. So let ®: X —> b
such that every element of X has a ¢-quasi-proof in A, i.e.,

Vx € X3Ja € A qPre(a, x).

We must find a ¢-quasi-proof of b in A. As qPr, is X, over 2 we may use
strong X, collection to find a set Y € A such that

Vx € X3a € Y qPrs(a, x)
and
Va € Y3x € X qPro(a, x).

It follows that each a € Y is a sequence {a.}.=.. Let A be the least
ordinal such that A > A, foralla € Y, ¢, = {b}and ¢, = U{a, |a € Y and
# = A,} for p < A. Then as A is an admissible set A <0(A) and ¢ € A.
Also, by construction ¢ is a d¢-quasi-proof of b. Hence 3Ja €
A qPre(a,b). O

Note that it follows from the above claim that only ¢-quasi-proofs
{a.}.<, of length A <o0(A) are needed. Hence |¢|=0(A).

Remark. The same proof shows that if % is a model of ZF, then I(®) is
first order definable over ¥ whenever @ is an A -finitary rule set that is first
order definable over %.

There is an approach to Barwise’s compactness theorem for L4, when A
is a countable admissible set, that makes use of the class of positive %, over
A inductive definitions. This idea was first suggested by Gandy. A version
of this approach may be found in AczeL [1973]. Here we will just consider
the following result.

3.6.3. THeOREM (Gandy). Let ¢ : Pow(A")— Pow(A ™) be positive 2., over
A. Then

(i) f RCA"is %, over U, then a € ¢(R) implies a € ¢(R’) for some
A-finite R'C R.

(ii) I(¢) is =, over A and | |=<0(A).

Proor. (i) It suffices to show that for each 3, formula 8(X) of L(),
containing positive occurrences of the n-ary relation variables X, but no
other free variables, if R C A" is 3, over %, then 6(R) implies 8(R’) for
some A -finite R’ C R. This may be proved by a straightforward induction
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on the way 6(X) is built up. The key case, when 6(X) is a restricted
universal quantification, requires an application of % ,-collection.

(ii) Let @ be the set of rules X — a such that X C A" is A -finite and
a € ¢(X). Then clearly @ is a X, over A, A-finitary"rule set. Hence by
Proposition 3.6.2, I(®) is 2, over 9, so that it suffices to show that
I(¢)= I(P). Note that ¢ is not necessarily the monotone operator
associated with @, but by (i) it is so on 3, over ¥ relations, and this will
suffice. To show that I(¢) C I(®) it suffices to show that I(P) is ¢-closed.
So let x € ¢(I(P)). As I(®) is %, over I, by (i) there is an A -finite
X C I{®) such that ‘¥ € ¢(X). Hence & : X — x so that x € I(®). To
show that I(@)C I(¢) it suffices to show that I(¢) is P-closed. So let
@ : X — x where X C I(¢). Then £ € ¢(X)C ¢ (I(¢)) = I(¢) as required.
Finally, | ¢ | = 0(A) may be seen to follow from the note at the end of the
proof of Proposition 3.6.2. [

We end this subsection by stating the central result of BArRwisg, GANDY
and MoscHovakis [1971}].

3.6.4. DerFINITION. Let A be an admissible set.

(i) m:D—> A is a projection of x on A if DCx€A and 7 is a
surjection onto A.

U is projectible to x if A admits a projection on x that is A, over ¥ (i.e.
the graph of the projection and its complement are both 3, over ).

(ii) 7:0(A)— A is a resolution of A if A = U ccotn) 7().

9 is resolvable if A admits a resolution that is A, over Y.

3.6.5. THEOREM (BARWISE, GANDY and MoscHovaAKkis [1971]). Let A be any
transitive set closed under pairing. Let

A" = N{B| A € B and B is admissible}.
Then
(i) A" is admissible,
(ii) HYP(Y) is the set of A -finite relations on A and k()= o(A"),
and if W"=(A", E[A"), then
(iii) A" is resolvable and projectible to A and IND(¥) is the set of 3., over
A* relations on A.

Remarks. The above result has been generalised in two directions. Firstly,
IND(Y) can be replaced by an arbitrary Spector class I' over U =
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(A, €[A) for any transitive set A. Then A must be replaced by M(4)
where A =I'N =TI and M(4)=({B|A C B and B is admissible}.

In (i1), HYP(Y) and « (Y) must be replaced by 4 and o(I") respectively.
(iii) is replaced by (iii)":

(ii1) There is a relation R on M(A) such that M(4) is admissible
relative to R and M(4)={(M(4), €[ M(4), R) is resolvable and projecti-
ble to A. Moreover I' is the set of relations on A that are X, over #(4).

Although R and hence #(A4) are not unique the class of relations on
M(A) that are 3, over 4 (A ) is independent of the choice of R and is called
the companion of I'. This generalization is 9E.1. of MoscHovAkis [1974a].
The second generalization is to allow 9 to be an arbitrary abstract
structure. This requires the notion of an admissible structure with set A of
urelemente that has been introduced in BArRwisE [1974, 1975]. The details
have been worked out in Ennis [1975). There, Ennis shows that the result
still holds when (ii) in the definition of a Spector class is weakened to (ii)':

(ii)’ I" contains the graph of a pairing function on A.

4. Induction in foundations

In this final section we shall briefly consider the role of inductive
definitions in the context of foundations. So far we have taken for granted
the standard framework of modern mathematics, formalisable in ZF set
theory. But the concept of an inductive definition can also be considered
within the other conceptual frameworks that have arisen in work on
foundations (e.g. finitist, predicative or intuitionistic mathematics). Within
a non-classical framework there arises the question of which inductive
definitions can be justified.

It will be helpful to make the distinction between fundamental and
non-fundamental inductive definitions, following the terminology of §53 of
KLEENE [1952]. This is a distinction concerning the context in which an
inductive definition is presented. The inductive definition of the domain N
of natural numbers is most naturally presented as a fundamental definition
of a new sort of object. But in the context of ZF set theory the natural
numbers @,{0},{0,{0}},... are objects that exist independently of the
inductive definition of w. So the latter is a non-fundamental inductive
definition. Another example is the inductive definition of the set of even
numbers as the smallest set of natural numbers containing 0, and n +2
whenever it contains n.
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The standard model of ZF set theory is given by a fundamental inductive
definition of the universe of (well-founded) sets. This consists of the
collection of rules: If s is a set of objects of the universe, then s itself is an
object of the universe.

While the fundamental domains associated with a conceptual framework
will usually be explicit, it may require further analysis to decide which
non-fundamental inductive definitions are justifiable. For example, given a
collection of rules @ on the domain N of natual numbers, we have defined
(D) as ﬂ[x CN | X is @-closed}, i.e.,

n€ (®) (VX CN)[X is @-closed > n € X].

But this is an impredicative instance of the comprehension scheme (a
subset of N is defined using quantification over all subsets of N). If
impredicative definitions are not allowed we must look for other possible
definitions of I(®). In case @ is finitary we can use Proposition 1.1.4. In
general I(@) could be defined using transfinite iterations of operators, as in
Proposition 1.3.1 or transfinite proofs, as in Proposition 1.4.2. But this
would require a suitable notion of ordinal which itself would need an
inductive definition. An alternative approach is to take induction as a
primitive method of definition, not needing justification in terms of other
methods.

An example of a formal system treating induction as primitive is the
system ID, of FErerMAN [1970] (see also FrRIEDMAN [1970], ZuckEer [1973]
and MARTIN-LOF [1971]). The language of ID, is obtained from the
language of formal arithmetic by adding a new n-ary relation symbol P,
for each arithmetical formula ¢ = ¢ (X, x) containing only positive occur-
rences of the n-ary relation variable X and at most the free individual
variables ¥ = x,, ..., x,. The axioms for ID, are obtained from the axioms
for formal arithmetic by extending the mathematical induction scheme to
all formulae of ID, and adding the following axiom and axiom scheme for
each P,.

() VX ((Py, X)— Py (X)),

(i) VX ({2 [¢(2)}, £)— ¢(X))—> VT (P (%)= ¢ (X)),
for all formulae ¢(Z) of ID,.

In (ii), ¢ ({Z ’ ¥ (z)}, ¥) denotes the result of replacing each occurrence of
X(1)in ¢(X, %) by ¢(t), where t =1,,...,1t, is a sequence of terms, and
bound variables are changed as required by the usual conventions.

On the standard model of arithmetic these axioms express that P, is
inductively defined by the positive arithmetical operator defined by

& (X, %).
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The procedure for constructing ID; from formal arithmetic may be
repeated to obtain ID,, IDs, ... . But the resulting systems are still much
weaker than fully impredicative systems such as second order arithmetic.
On the other hand ID, is already stronger than the systems of predicative
mathematics of FEFERMAN [1968]. Thus inductive definability is a notion
intermediate in strength between predicative and fully impredicative
definability.

It would be interesting to formulate a coherent donceptual framework
that made induction the principal notion. There are suggestions of this in
the literature, but the possibility has not yet been fully explored.
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